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Abstract
Let A and B be Banach algebras. A linear map T : A → B is called separating
or disjointness preserving if ab = 0 implies Ta Tb = 0 for all a, b ∈ A. In this paper,
we study a new class of regular Tauberian algebras and prove that some well-known
Banach algebras in harmonic analysis belong to this class. We show that a bijective
separating map between these algebras turns out to be continuous and the maximal
ideal spaces of underlying algebras are homeomorphic. By imposing extra conditions
on these algebras, we find a more thorough characterization of separating maps. The
existence of a bijective separating map also leads to the existence of an algebraic
isomorphism in some cases.
Separating maps (also considered under the name of disjointness preserving maps)
between general vector lattices were studied by several authors, for example [1, 6]. Sep-
arating maps were later considered in [7] for spaces of continuous functions defined on
compact Hausdorff spaces. Subsequently, several results were gained on locally compact
groups. For example, Font and Hernandez studied separating maps between the algebra
of bounded continuous maps on locally compact groups in [15, 17]. In [16], they used
the separating maps between Fourier algebras of two locally compact abelian groups to
study the separating maps on group algebras of locally compact abelian groups. Recently,
Alaminos, Bresar, Extremera, and Villena in [4] attained a characterization for the contin-
uous separating maps between group algebras of locally compact (not necessary abelian)
groups. Their study also led to a characterization of continuous separating maps between
C∗-algebras. Preparing the very last drafts of this manuscript, we saw [5]. In this recent
manuscript, Lau and Wong improve the previous results about separating maps between
Fourier algebras by adding some kind of orthogonality property to separating maps.
In this paper, we study the separating maps between some classes of semisimple regular
commutative Banach algebras. In Section 1, we start with establishing our notation and
recalling some introductory definitions and facts.
In Section 2, we define a condition for semisimple regular commutative Banach alge-
bras, called condition (M). We prove that some classes of well-known Banach algebras
are satisfying condition (M), namely, some classes of Figa-Talamanca Herz Lebesgue
algebras, Mirkil algebras, and center of group algebras for compact groups.
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In [13], the separating maps between regular commutative Banach algebras satisfying
Ditkin’s condition were studied. A brief look at [13] verifies that in that paper the
complete potential of these Banach algebras has not been used. In Section 3, we prove
that the main results of [13] are still valid if Ditkin’s condition is replaced with condition
(M). Here, we may notice that there are some algebras which are not satisfying Ditkin’s
condition while they satisfy condition (M).
Eventually, in Section 4, we study separating maps between BSE-algebras satisfying
condition (M). Here, we add a new family of BSE-algebras to the known examples
in [23, 29], which is the center of group algebras for compact groups. Subsequently,
imposing the existence of an approximate identity norm bounded by 1, it is proven that
the existence of a bijective separating map also leads to this fact that underlying algebras
are algebraically isomorphic. A similar result has been proven in [14] for BSE-algebras
satisfying Ditkin’s condition.
1 Preliminaries
Let A be a commutative Banach algebra. We denote by ΩA the maximal ideal space of
A which is also called the spectrum or character space of A equipped with the Gelfand
topology. A commutative Banach algebra A is called regular, if for every x ∈ ΩA and
every open neighbourhood U of x in the Gelfand topology, there exists an element a ∈ A
such that â(x) = 1 and â is zero on ΩA \ U .
A commutative Banach algebra A is called semisimple if ∩x∈ΩA Kerx = ∅. Using
the Gelfand representation theory, for a semisimple regular commutative Banach algebra
A, Â := {â : a ∈ A} forms an algebra of continuous functions on its maximal ideal
space vanishing at infinity, Â ⊆ C0(ΩA). One may notice that if A is a semisimple
regular commutative Banach algebra, Â is dense in C0(ΩA). Let us define for a ∈ A,
coz(â) := {x ∈ ΩA : â(x) 6= 0} and supp(â) to be the closure of coz(â).
We denote the set of all elements a ∈ A such that supp(â) is compact by Ac. A
semisimple commutative Banach algebra A is called a Tauberian algebra when Ac is dense
in A.
Let A be a semisimple regular commutative Banach algebra. By [22, Corollary 4.2.10],
for every compact set K ⊆ ΩA and every open neighborhood U of K, there exists some
aK,U ∈ A such that
1. âK,U |K ≡ 1,
2. supp(âK,U) ⊆ U .
Lemma 1.1 Let A be a semisimple regular commutative Tauberian algebra. Then A has
an approximate identity ‖ · ‖A-bounded by some D > 0 if and only if for each  > 0
and every compact set K ⊆ ΩA, there exists some aK ∈ Ac such that âK |K ≡ 1 and
‖aK‖A ≤ D + .
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Proof. Suppose that (eα)α is a bounded approximate identity of A such that ‖eα‖A ≤ D
for some D > 0. For each K ⊆ ΩB, let a ∈ Ac such that a|K ≡ 1 and IK be the closed
ideal {b ∈ A : b̂(K) = {0}} of A. Therefore, for each b ∈ A, ba − b ∈ IK . Considering
the quotient norm of A/IK , one gets
‖a+ IK‖ = lim
α
‖aeα + IK‖ = lim
α
‖eα + IK‖ ≤ D.
So, there is some b ∈ Ac ∩ IK such that ‖a + b‖A < D + . Just note that (a + b)|K ≡ 1
and a+ b ∈ Ac.
Conversely, for each  > 0 and K ⊆ ΩA compact, let âK,ΩA such that âK,ΩA|K ≡ 1 and
‖aK,ΩA‖A ≤ D(1 + ). Define eK, := (1 + )−1aK,ΩA . It is not hard to show that (eK,)K,
forms an approximate identity of the Tauberian algebra A which is ‖ · ‖A-bounded by D
where → 0 and K → ΩA. 
From now on, we sayA has aD-bounded approximate identity ifA has an approximate
identity whose norm is bounded by D ≥ 0.
Definition 1.2 We call a regular commutative Banach algebra A to be D-uniformly
regular for some D > 0 if for each x ∈ ΩA and open neighborhood U of x,
inf{‖a‖ : a ∈ A, â(x) = 1, and supp â ⊆ U} ≤ D.
Therefore, by Lemma 1.1, every regular commutative Banach algebra A which has a
D-bounded approximate identity is D-uniformly regular.
Example 1.3 For a discrete group G containing the free group on two generators, it is
well known that G is not amenable. Let A2(G) be the Fourier algebra of G. For an infinite
set S of G, M := {ϕ ∈ A2(G)∗ : supp(ϕ) ⊆ S} is isometrically isomorphic to `2(S), [25].
It follows that M is the dual space of A2(G)/JS where JS is the closed ideal that is the
closure of {f ∈ A2(G)∩cc(G) : supp(f)∩S = ∅}. Hence A2(G)/JS is isomorphic to `2(S).
Consequently, there exists a constant C > 0 such that
‖f‖2A2(G) ≥ ‖f + JS‖A2(G)/JS ≥ C
∑
x∈S
|f(x)|2
for all f ∈ A2(G). This shows that the algebra A2(G) is not D-uniformly regular for all
D >
√
C.
In Subsection 2.1, we see some more regular commutative Banach algebras which are
not satisfying D-uniform regularity for some D.
We say that a Banach algebra (SA, ‖ · ‖SA) is an abstract Segal algebra of a Banach
algebra (A, ‖ · ‖A) if
(S1) SA is a dense left ideal in A.
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(S2) There exists C > 0 such that ‖b‖A ≤ C‖b‖SA for each b ∈ SA.
(S3) There exists M > 0 such that ‖ab‖SA ≤M‖a‖A‖b‖SA for all a ∈ A and b ∈ SA.
Proposition 1.4 Let A be a semisimple regular commutative Banach algebra, for some
D > 0, and let SA be an abstract Segal algebra of A. Then SA is also a semisimple regular
algebra whose maximal ideal space is ΩA. Moreover, Ac ⊆ SA.
Proof. By [9, Theorem 2.1], ΩSA is homeomorphic to ΩA and SA is semisimple. The rest
has been shown in [2, Proposition 2.2]. 
2 Condition (M), its properties and examples
Definition 2.1 Let A be a commutative Banach algebra. We say that A satisfies condi-
tion (M) if it is regular and for each x ∈ ΩA, a ∈ A with â(x) = 0 and each neighborhood
U of x,
inf{‖ba‖A : b ∈ A, b̂|V ≡ 1 for some neighborhood V of x and supp(̂b) ⊆ U} = 0.
Example 2.2 Let X be a locally compact Hausdorff space. It is straightforward to check
that C0(X), the C
∗-algebra of all bounded continuous functions on X vanishing at infinity.
Therefore, any commutative C∗-algebra satisfies condition (M).
Lemma 2.3 Let A be a regular commutative Banach algebra and ΩA equipped with the
Gelfand topology is a discrete space. Then A is a Tauberian algebra that satisfies condition
(M).
To prove this lemma, note that since A is a regular commutative Banach algebra and
ΩA is discrete, A automatically contains all point-mass functions.
For φ ∈ ΩA the notion of φ-contractibility of Banach algebras was recently introduced
and studied by Hu, Monfared and Traynor [21]. In fact, A is called φ-contractible if there
exists a (right) φ-diagonal; i.e., an element m in the projective tensor product A⊗̂A such
that
φ(pi(m)) = 1 and a ·m = φ(a)M
for all a ∈ A, where pi denotes the product morphism fromA⊗̂A intoA given by pi(a⊗b) =
ab for all a, b ∈ A.
Corollary 2.4 Let A be a regular commutative Banach algebra which is φ-contractible
for all φ ∈ ΩA. Then A is a Tauberian algebra that satisfies condition (M).
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Proof. This follows from the fact that ΩA is discrete with respect to the Gelfand topology,
when A is φ-contractible for all φ ∈ ΩA; see [10], Proposition 2.3. 
The concept of pseudo-contractibility for Banach algebras was introduced and investi-
gated by Ghahramani and Zhang [19] according to the existence of a central approximate
diagonal; i.e., a net (mα) in A⊗̂A such that
‖api(mα)− a‖ → 0 and a ·mα = mα · a
for all a ∈ A and all α.
Corollary 2.5 Let A be a regular commutative Banach algebra which is pseudo-contractible.
Then A is a Tauberian algebra that satisfies condition (M).
Proof. This follows from Corollary 2.4, together with the fact that any pseudo-contractible
Banach algebra is φ-contractible; see [3], Theorem 1.1. 
Proposition 2.6 Suppose that SA is an abstract Segal algebra with respect to a Banach
algebra A. If SA is a Tauberian algebra which satisfies condition (M), then so is A.
Proof. By Proposition 1.4, ΩSA = ΩA and Ac ⊆ SA. Since Sc(= Ac) is ‖ · ‖SA-dense in S,
Ac is ‖ · ‖A-dense in A, by (S2). The rest of the proof is straightforward. 
Note that in the proof of Proposition 2.6, we did not apply condition (S3) of the
definition of abstract Segal algebras.
Recall that a commutative Banach algebra A is said to satisfy Ditkin’s condition if for
every a ∈ A and x ∈ ΩA with â(x) = 0, there exists a sequence (an)n∈N ⊆ A and open
neighbourhoods (Vn)n∈N of x such that ân|Vn ≡ 0 for all n ∈ N, and limn ‖aan − a‖A = 0.
Furthermore, if ΩA is not compact, then for every a ∈ A, there must exist a sequence
(an)n∈N ⊆ Ac such that limn ‖aan − a‖A = 0. [14, Proposition 1] implies that every
semisimple regular commutative Banach algebra A which satisfies Ditkin’s condition has
a 1-bounded approximate identity.
Proposition 2.7 Let A be a regular semisimple Banach algebra satisfying Ditkin’s con-
dition. Then A is a Tauberian algebra satisfying condition (M).
Proof. Given  > 0 and a ∈ A with â(x) = 0 for some x ∈ ΩA. By Ditkin’s condition,
there is some b ∈ A and a neighborhood V of x such that b|V ≡ 0 and ‖a − ba‖A < .
Without loss of generality, suppose that V is relatively compact. By Lemma 1.1, since
A has a 1-bounded approximate identity, there is some aV ∈ Ac such that aV |V ≡ 1
and ‖aV ‖A < 1 + . Let us define cV := aV − aV b ∈ Ac. Hence, ĉV |V ≡ 1 and
‖cV a‖A ≤ ‖aV ‖A‖a− ba‖A < (1 + ). 
In the rest of this section, we will see more examples of Banach algebras satisfying
condition (M).
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2.1 Lipschitz algebras
Let LipαX denote the Lipschitz algebra on a metric space (X, d) for some 0 < α ≤ 1; see
[28]. For each f ∈ LipαX, the Lipschitz norm of f is defined as
‖f‖LipαX := sup
x∈X
|f(x)|+ sup
x,y∈X,x 6=y
|f(y)− f(x)|
d(y, x)α
.
Also, lipαX denotes the subalgebra of LipαX which consists of all f such that
|f(x)− f(y)|
d(x, y)α
→ 0 as d(x, y)→ 0.
Throughout this subsection the metric space (X, d) will be assumed complete. It is
convenient and there is no loss of generality in doing so, [28]. Let f be a real-valued
function defined on the metric space (X, d) and let k > 0. The truncation Tkf of f is a
function on X defined by
Tkf(x) :=

k for all x ∈ X such that k ≤ f(x),
f(x) for all x ∈ X such that −k ≤ f(x) ≤ k,
−k for all x ∈ X such that k ≥ f(x).
If f is a function on X such that |f(x)−f(y)| ≤ Kd(x, y)α for some K ≥ 0, Tkf ∈ lipαX.
If A is either of the algebras LipαX and lipαX, as two commutative Banach algebras,
X is dense in σ(A) in the Gelfand topology, and the relative Gelfand topology of X
coincides with the d-topology of X. Furthermore, A is always a regular commutative
Banach algebra.
Recall that a metric space X is uniformly discrete if there is a uniform lower bound
on the distance between any two points of X. The following proposition characterizes the
condition (M) for Lipschitz algebras. Further, it shows that there are Banach algebras
which are not satisfying condition (M).
Proposition 2.8 Let X be a metric space and let A be either of the banach algebras
LipαX or lipαX. Then (i)⇒ (ii)⇒ (iii), where
(i) X is uniformly discrete,
(ii) A satisfies condition M ,
(iii) X is discrete.
Proof. (i)⇒ (ii).
Let X be uniformly discrete for some constant dX i.e. d(x, y) > dX for all x, y ∈ X. Also
let φ0 ∈ ΩA such that for some f ∈ A, φ0(f) = 0. For each given  > 0, there is an open
neighborhood U ⊆ ΩA of φ0 such that such that |φ(f)| <  for all φ ∈ U.
Let g be the characteristic function on U ∩X i.e. g(x) = 1 if x ∈ U and g(x) = 0
on X \ U. Since X is uniformly discrete, g ∈ A where ‖g‖A ≤ 1 + d−αX .
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Furthermore, on one hand ‖fg‖∞ < . On the other hand,
|f(x)g(x)− f(y)g(y)|
d(x, y)α
≤ 2
dαX
for all x, y ∈ X.
Hence, ‖fg‖A < (2 + d−αX ). To show that φ(g) = 1 for all φ ∈ U, one should note that
X ∩ U is dense in U.
(ii)⇒ (iii). Suppose that X has a non-isolated point x0 ∈ X. Given g ∈ A such tha
g(x) = d(x, x0)
α for all x ∈ X. Therefore, for truncation of g, T1g(x0) = 0. So for each
f ∈ A with f(x0) = 1, one gets
‖fT1g‖A ≥ |f(x)T1g(x)− f(x0)T1g(x0)|
d(x, x0)α
= |f(x)|
for every x ∈ {y ∈ X : d(x0, y) < 1}. Hence, ‖fT1g‖A ≥ supx∈X\{x0} |f(x)| ≥ 1. It follows
that A does not satisfy condition (M), which is a contradiction.

Remark 2.9 (i) Note that for a metric space (X, d), condition (M) of LipαX and lipαX
is implied by the amenability, [10, Theorem 3.1].
(ii) Let x0 be a non-isolated point of X. For given x ∈ X \ {x0}, and any 0 < D such
that D−1 < d(x, x0), let U = {y ∈ X : d(x, y) < D−1}. If f ∈ LipαX such that f(x) = 1
and supp(f) ⊆ U , one can verify that f(x0) = 0. So,
lim
y∈U\{x},y→x0
|f(x)− f(y)|
d(x, y)α
< D ≤ ‖f‖LipαX − 1.
Therefore, LipαX is not (D+1)-uniformly regular for any D greater that sup{d(x, x0)−1 :
x ∈ X}.
2.2 Figa-Talamanca Herz Lebesgue algebras
Let G be a locally compact group. We denote the Figa-Talamanca Herz algebra by Ap(G),
for each 1 < p < ∞. A2(G) is known as the Fourier algebra of G is defined and studied
extensively by Eymard in [12]. Following [20], let us define Arp(G) := Ap(G) ∩ Lr(G) for
all 1 < p < ∞ and 1 ≤ r ≤ ∞ equipped with ‖ · ‖Arp(G) := ‖ · ‖Ap(G) + ‖ · ‖r. Arp(G) is
a semisimple regular commutative Banach algebra, under pointwise multiplication which
is called Figa-Talamanca Herz Lebesgue algebra. Moreover, the maximal ideal space of
Arp(G) is G, for any, 1 < p < ∞, 1 ≤ r ≤ ∞, [20, Theorem 1]. Note that when r = ∞,
Arp(G) = Ap(G). Based on [20, Theorem 1], A
r
p(G) is an abstract Segal algebra with
respect to Ap(G) for all 1 < p < ∞ and 1 ≤ r ≤ ∞. It also has been shown that where
1 ≤ r < ∞ and G is not compact, Arp(G) 6= Ap(G) for all 1 < p < ∞. The following
lemma is a straightforward result of [11, Proposition 3.1].
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Lemma 2.10 Let G be a locally compact group and K be a compact subset of G, and let
U be an open subset of G such that K ⊂ U . For each 1 < p < ∞ and V a relatively
compact open neighborhood of e such that KV V ⊆ U , we can find fV in Ap(G) ∩ Cc(G)
such that fV (G) ⊆ [0, 1], fV |K ≡ 1, supp(fV ) ⊆ U , and ‖fV ‖Ap(G) ≤ (λ(KV )/λ(V ))1/p′.
Corollary 2.11 Let G be a locally compact amenable group. Then for each 1 < p <∞,
Ap(G) has a 1-bounded approximate identity.
Proof. If G is amenable, it satisfies the Leptin condition i.e. for every  > 0 and
compact set K ⊆ G, there exists a relatively compact neighborhood V of e such that
λ(KV )/λ(V ) < 1 + , [27, Section 2.7]. So by the last condition in Lemma 2.10, we may
choose fV such that ‖fV ‖Ap(G) < 1 + ; therefore, define eK, := (1 + )−1fV . Hence, the
net (eK,)K, forms a 1-bounded approximate identity of Ap(G) where K → G and → 0.

Lemma 2.12 Let G be a locally compact group and x ∈ G with a fixed relatively compact
neighborhood U . If f is a function in Arp(G) so that f(x) = 0, then for each  > 0 and
D > 1 there exists a relatively compact neighborhood of x say V ⊂ U and h ∈ Arp(G) such
that
(i) ‖h‖∞ ≤ 1, ‖h‖Ap(G) ≤ D, and ‖h‖Arp(G) ≤ 2D.
(ii) h|V ≡ 1 and supp(h) ⊂ U .
(iii) If p = 2, ‖hf‖Arp(G) < .
Proof. Let
0 < δ :=
1
2
min
{
D−1/2
λ(U)
,

λ(U)1/r
}
.
Since f ∈ Arp(G), it belongs to C0(G). For Bδ := {z ∈ C : |z| < δ}, W := f−1
(
Bδ
) ∩ U
is a relatively compact open subset of G which contains x and W ⊆ U . Let λ denote the
left Haar measure on G. Since λ(x) ≤ 1 and λ is a Radon measure, we may shrink W
such that λ(W ) ≤ Dr. Moreover, there exists O, a relatively compact neighborhood of e,
such that xOO ⊆ W . Since λ is a Radon measure, we can find V , a relatively compact
neighborhood of x, such that λ(xO) ≤ λ(V O) ≤ Dp′/2λ(xO); meanwhile, V OO ⊆ W . By
Lemma 2.10,there exists some k ∈ Arp(G), such that k
(
G
) ⊆ [0, 1], k|V ≡ 1, supp(k) ⊆ W ,
and ‖k‖Ap(G) ≤ D1/2. Define h := k2 which belongs to Arp(G). Also, since ‖h‖r ≤
λ(W )1/r < D; therefore, ‖h‖Arp(G) ≤ 2D while ‖h‖Ap(G) ≤ D. Let us consider kf which is
a function in Cc(G) such that supp(kf) ⊆ W , ‖kf‖∞ ≤ δ.
If p = 2, applying the duality between C∗(G) and B(G) as well as correspondence of
the norms of A2(G) and B(G), [12], one can get ‖k2f‖A2(G) ≤ ‖k‖A2(G) ‖kf‖1. Hence,
since supp(kf) ⊂ W ,
‖hf‖A2(G) ≤ ‖k‖A2(G) ‖kf‖1 ≤ D1/2λ(U) ‖kf‖∞ < D1/2λ(U) δ < /2. (2.1)
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Also, ‖hf‖r < δλ(U)1/r < /2. Hence, ‖hf‖Arp(G) <  for p = 2. 
Corollary 2.13 Let G be a locally compact group. For each 1 ≤ r ≤ ∞ and 1 < p <∞,
Arp(G) is a 1-uniformly regular Tauberian algebra. Moreover, A
r
2(G) satisfies condition
(M) for all 1 ≤ r ≤ ∞. Specifically, L1(G) is 1-uniformly regular commutative Banach
algebra which satisfies condition (M) for any locally compact abelian group G.
Note that for a non-amenable locally compact group G, A2(G) is a 1-uniformly regular
Banach algebra which does not have any 1-bounded approximate identity; therefore, it
does not satisfy Ditkin’s condition.
2.3 Mirkil algebra
In this subsection we briefly introduce Mirkil algebra. All the properties and results are
presented from [22, Section 5.4]. In the following we identity the torus, T, with the interval
[−pi, pi]. The commutative Banach algebra
M := {f ∈ L2(T) : f |[−pi/2,pi/2] is continuous}
equipped with norm ‖f‖M :=
√
2pi‖f‖2 + ‖f |[−pi/2,pi/2]‖∞ and the convolution
f ∗ g(x) :=
∫
T
f(x− t)g(t)dt
is called Mirkil algebra. For each n ∈ Z, define en(t) := eint, t ∈ [−pi, pi]; then, the
linear space generated by (en)n∈Z is a dense subset of M. One may show that ΩM is
homeomorphic to Z; moreover, M is a semisimple regular commutative Banach algebra.
Also, for each E ⊆ Z, J(E) := {f ∈ M : f̂(n) = 0 for all n ∈ E} is equal to the linear
span of {en : /∈ E}.
Proposition 2.14 The Mirkil algebra, M, is a 1-uniformly regular Tauberian algebra
which satisfies condition (M).
Proof. First of all, note that for each n ∈ Z, ên(n) = 1; while, êm(n) = 0 for all m 6= n.
Therefore, ên = δn. Hence, by Lemma 2.3,M is a 1-uniformly regular Tauberian algebra
which satisfies condition (M). 
Remark 2.15 Note thatM does not satisfy Ditkin’s condition while does condition (M),
[22, Theorem 5.4.17].
Remark 2.16 One may verify thatM is an abstract Segal algebra of L2(T). Therefore,
by Proposition 2.6, L2(T), as a commutative Banach algebra, satisfies condition (M).
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2.4 Commutative algebras on hypergroups
Suppose that H is a locally compact hypergroup. The Fourier space of H, A(H), is
a Banach space defined in [26]. For each discrete regular Fourier hypergroup H i.e.
A(H) is a Banach algebra, A(H) forms a semisimple regular commutative algebra whose
maximal ideal space is H. Moreover, A(H) satisfies some properties similar to the ones of
Lemma 2.10, [2, Lemma 3.4]. Using the Micheal topology in the definition of hypergroups,
[8], an argument, similar to the one in the proof of Lemma 2.12, implies that A(H) actually
is a D-uniformly regular Tauberian algebra satisfies condition (M) for D = λ(eH) where
λ is the left Haar measure on H and eH is the identity of the hypergroup H.
Lemma 2.17 Let G be a compact group. Then, ZL1(G) is a Tauberian algebra which
satisfies condition (M) and has a 1-bounded approximate identity.
Proof. Let G be a compact group. Then the set of all irreducible unitary representations,
Ĝ, forms a discrete commutative hypergroup. In [2, Theorem 3.7], it has been shown that
the center of the group algebra of G, ZL1(G), is isometrically isomorphic to the Fourier
algebra of hypergroup Ĝ, A(Ĝ). The 1-bounded approximate identity is a straightforward
result of this fact that G is a SIN group. 
3 Automatic continuity of separating maps on Taube-
rian algebras satisfying condition (M)
Definition 3.1 Let A and B be two Banach algebras. The linear map T : A → B is said
to be separating or disjointness preserving if a1 · a2 ≡ 0 implies that Ta1 · Ta2 ≡ 0 for all
a1, a2 ∈ A.
From now on, let A and B be two commutative Banach algebras and ΩA and ΩB
denote the maximal ideal spaces of A and B, respectively. We may define ΩA to be the
one point compactification of the locally compact space ΩA. It is clear for each a ∈ A,
â, as an element of C0(ΩA), has a unique extension into C(ΩA). Let ΩB′ be the set of all
y ∈ ΩB for which there exists some a ∈ A such that T̂ a(y) 6= 0. Therefore,
ΩB′ =
⋃
{(T̂ a)−1(C\{0}) : a ∈ Ac}
This implies that ΩB′ is an open subset of ΩB. For each y ∈ ΩB′, we define T tyt : A → C
as T tyt(a) = T̂ a(y) for a ∈ A. An open subset V of ΩA is called a vanishing set for T tyt
if T tyt(a) = 0 for all a ∈ A that coz(â) ⊆ V .
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Proposition 3.2 [13, Lemma 1]
Let T be a separating map from A into B for semisimple regular commutative Banach
algebras A and B. Then the set
supp(T tyt) := ΩA \ ∪{V ⊂ ΩA : V is a vanishing set for T tyt}
is a singleton for each y ∈ ΩB′.
Definition 3.3 Let T be a separating map from A into B for semisimple regular com-
mutative Banach algebras A and B. Proposition 3.2 lets us define t : ΩB′ → ΩA where for
each y ∈ ΩB′, t(y) is the solitary element of supp(T tyt). We call t the support map of T .
Proposition 3.4 [13, Proposition 3]
Let T be a separating map from A into B for semisimple regular commutative Banach
algebras A and B. Suppose that U is an open subset of ΩA and a ∈ A. Then the following
statements are held for t the support map of T .
1. The support map t of T is continuous.
2. If â|U ≡ 0, then T̂ a|t−1(U) ≡ 0.
3. t(coz(T̂ a) ∩ ΩB′) ⊆ supp(â).
4. If T is injective, then t(ΩB′) is dense in ΩA.
The following proposition is an adoption of [13, Proposition 4] for Tauberian algebras.
Proposition 3.5 Let T be a separating map from a regular Tauberian algebra A into a
semisimple regular commutative Banach algebra B. If y ∈ ΩB′, then the continuity of
T tyt : A → C implies that t(y) ∈ ΩA.
Proof. If for some y ∈ ΩB′, t(y) =∞ the infinity point in ΩA \ΩA and T tyt is continuous,
we will get a contradiction: Suppose that a ∈ A such that T tyt(a) 6= 0. Since Ac is dense
in A, we may approximate a by a sequence (an)n∈N ⊆ Ac. But for each n, an is constantly
0 on ΩA \ supp(ân) and clearly, y ∈ t−1(ΩA \ supp(ân)). Therefore, by Proposition 3.4,
T tyt(an) = 0 for all n ∈ N. Hence, by continuity of T tyt, T tyt(a) = 0 which is a contra-
diction. 
Suppose that T is a separating map from A into B for semisimple regular commutative
Banach algebras A and B. Let us define the continuous map X : t−1(ΩA)→ C as follows:
Given y ∈ t−1(ΩA), let U be a relatively compact neighborhood of t(y) and let aU be a
function in Ac such that âU |U ≡ 1. Then we define
X(y) = T̂ aU(y). (3.1)
M. Alaghmandan, R. Nasr-Isfahani and M. Nemati 12
To show that X is well-defined, let V be another relatively compact neighborhood of t(y)
and take aV similar to aU . By Proposition 3.4 and since âU − âV ≡ 0 on V ∩ U , we have
T̂ aU − T̂ aV ≡ 0 on t−1(V ∩ U). Since we have chosen U and V as the neighborhoods of
t(y), we have y ∈ t−1(V ∩ U), and it shows that T̂ aU(y) = T̂ aV (y).
To check the continuity of X, let (yα) be a net in t
−1(ΩA) that converges to some
y ∈ t−1(ΩA); in addition, let U be a relatively compact neighborhood of t(y). By Propo-
sition 3.4, t is a continuous function, so t−1(U) is an open neighborhood of y. But there
is α0 such that for each α < α0, we have yα ∈ t−1(U), so X(yα) = X(y).
Let us consider A as a subspace of (C0(ΩA), ‖ · ‖∞). We use ΩB′′ to denote the subset
of ΩB′ consisting of all elements y ∈ ΩB′ for them T tyt is a continuous map on A, where
A is equipped with ‖ · ‖∞-norm. Let ΩB0 denote the complement of ΩB′′ in ΩB′.
The following proposition is a condition (M) version of [13, Proposition 6].
Proposition 3.6 Let T : A → B be a separating map for regular commutative Banach
algebras A and B where A satisfies condition (M). For every compact subset K of ΩA,
let Ko denote the interior of K. Then t(ΩB0) ∩Ko is finite .
Proof. Toward a contradiction, suppose that there is a sequence of distinct elements of
ΩB0, say (yn)n∈N, such that (t(yn))n∈N ⊆ Ko for some compact set K ⊆ ΩA. Therefore, we
can assume that (Un)n∈N is a pairwise disjoint sequence of relatively compact open subsets
of Ko such that t(yn) ∈ Un for each n ∈ N. For each n, yn ∈ ΩB0, so there exists an ∈ A
such that T̂ an(yn) 6= X(yn) · ân(t(yn)). Let bn := an−(ân(t(yn)))aV where V is a relatively
compact neighborhood of K and aV ∈ A such that aV |V ≡ 1. By our assumption about
bn, it is obvious that T̂ bn(yn) 6= 0 but b̂n(t(yn)) = 0. Since T is linear, we may assume
that |T̂ bn(yn)| > n for each n ∈ N. Since A satisfies condition (M), for each n ∈ N, we
can find cn ∈ A such that ĉn|Vn ≡ 1 for some neighborhood Vn of t(yn), ‖cnbn‖A < 12n ,
and supp(ĉn) ⊆ Un. Now, we define d :=
∑
n dn which belongs to A where dn := cnbn
for each n ∈ N. Based on our assumption about (Un) and since supp(d̂n) ⊂ Un, we have
d̂n|Um ≡ 0 for each m 6= n. By Proposition 3.4, since (bn−dn)|Vn ≡ 0 and (d−dn)|Un ≡ 0,
|T̂ d(yn)| = |T̂ dn(yn)| = |T̂ bn(yn)| > n for each n, and it leads to the unboundedness of
Td which is a contradiction. 
So we have all necessary tools to develop the main theorem of [13] for Tauberian
algebras satisfying condition (M). The proof, can be written step by step, using the results
that we have adapted for condition (M) above, following the proof of [13, Theorem 1].
So we omit the proof here.
Proposition 3.7 Let T be a bijective separating map from a Tauberian algebra A that
satisfies condition (M) onto a semisimple regular commutative Banach algebra B. Then
ΩB′′ = ΩB and T is continuous. Moreover, T−1 is a separating map.
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If B is also a regular Tauberian algebra satisfying condition (M); then, t is a homeo-
morphism from ΩB onto ΩA. Furthermore, X is a non-vanishing contentious map on ΩB
and T̂ a(y) = X(y) · â(t(y)) for all a ∈ A and y ∈ ΩB.
Since for lots of examples which we introduced, the maximal ideal space of the algebras
satisfying condition (M) are locally compact groups, note that in Proposition 3.7 the
homeomorphism t does not respect the group structures of these examples necessarily. In
Appendix A, we see that t may become an isomorphism in the category of topological
groups if one imposes some extra conditions.
In the following we see some properties of the mapping X, where A is a D-uniformly
regular commutative Banach algebra for some D > 0.
Proposition 3.8 Let T be a separating map from a D-uniformly regular commutative
Banach algebra A, for some D > 0, into a regular commutative Banach algebra B. Then
the mapping X defined above is bounded on ΩB′′.
Proof. If X is not bounded there is a sequence (yn) in ΩB′′ such that |X(yn)| > 4n for
each n ∈ N. If (t(yn))n∈N was a finite set in ΩA, we can assume that t(yn) = x for all
n ∈ N. Then, there is some a ∈ A such that â(x) = 1. Since yn ∈ ΩB′′, we have
|T̂ a(yn)| = |X(yn) · â(t(yn))| = |X(yn)| · |â(x)| > 4n
which is contradictory. So without loss of generality, we suppose that (t(yn))n∈N is
a sequence of distinct elements in ΩB′′. Let (Un)n∈N be a sequence of pairwise dis-
joint open subsets of ΩA such that t(yn) ∈ Un for each n ∈ N. By the definition
of D-uniformly regular Banach algebras, there exists a sequence (an) in A such that
supp(ân) ⊆ Un, ân(t(yn)) = 1, and ‖an‖A ≤ (D + 1) for each n. Define bn := an/2n.
Subsequently, we may define b :=
∑
n bn which is an element of A. Since (Un)n∈N are
pairwise disjoint open neighborhoods, b̂|Un ≡ b̂n|Un for each n. Applying Proposition 3.4,
|T̂ b(yn)| = |T̂ bn(yn)| = |X(yn)̂bn(t(yn))| > 2n, which is a contradiction since T̂ b ∈ C0(ΩB).

Proposition 3.9 Let T be a bijective separating map from a Tauberian algebra A satis-
fying condition (M) onto a D-uniformly regular commutative Banach algebra B, for some
D > 0. Then there exists r > 0 such that X(y) > r for each y ∈ ΩB.
Proof. Suppose that (yn) ⊂ ΩB is a distinct sequence such that |X(yn)| < 1/(D + 2)n
for each n ∈ N. One can find a sequence (Un) of pairwise disjoint open sets in ΩB
such that Un is a neighborhood of yn for each n ∈ N. Since B is a D-uniformly reg-
ular algebra, there exists bn ∈ B such that b̂n(yn) = 1/(D + 1)n, supp(̂bn) ⊆ Un, and
‖b̂n‖B ≤ (D + 1)−n+1 for each n ∈ N. Let us define b :=
∑
n∈N bn ∈ B. Since T is a bijec-
tion, there exists a ∈ A such that Ta = b. Hence |â(t(yn))| > ((D + 2)/(D + 1))n, since
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|T̂ a(yn)| = |̂b(yn)| = |X(yn)| · |â(t(yn))| for each n ∈ N. But as we have seen in Proposi-
tion 3.7, t is injective, so it leads to a contradiction with respect to the boundedness of â. 
Therefore, we may summarize the results of this section about the separating maps
between D-uniformly regular Tauberian algebras satisfying condition (M) in the following
theorem.
Theorem 3.10 Let T be a bijective separating map from A onto B for a DA-uniformly
regular Tauberian algebra A satisfying condition (M) and a DB-uniformly regular com-
mutative Banach algebra B satisfying condition (M), for some DA, DB > 0. Then T is
continuous, T̂ a(y) = X(y) · â(t(y)) for all a ∈ A and y ∈ ΩB, where t is a homeomorphism
from ΩB onto ΩA, and X is a bounded continuous function on ΩB which is also bounded
away from 0.
Let us finish this section with a result about extending bijective separating maps.
Corollary 3.11 Let T be a bijective separating map from a DA-uniformly regular Taube-
rian algebra A satisfying condition (M) onto a DB-uniformly regular commutative Banach
algebra B satisfying condition (M), for some DA, DB > 0. Then T has a unique continu-
ous extension to a bijective separating map T : C0(ΩA)→ C0(ΩB).
Proof. Let a ∈ C0(ΩA). Then there exists a sequence (an)n∈N ⊆ A such that ân → a. We
claim that (T̂ an)n∈N is a Cauchy sequence in C0(ΩB). Since T is a bijective separating
map, for each n ∈ N and y ∈ ΩB, T̂ an(y) = X(y)ân(t(y)). Therefore,
‖T̂ an − T̂ am‖∞ = sup
y∈ΩB
|X(y)ân(t(y))−X(y)âm(t(y))|
≤ ‖X‖∞ sup
y∈ΩB
|ân(t(y))− âm(t(y)))| ≤ ‖X‖∞‖ân − âm‖∞.
So let us define T (a) = limn T (an). Hence, T is a continuous linear map. The above
argument also implies that T is one-to-one. To see that T is onto, we need the boundedness
of X from 0 proven in Proposition 3.9. Let (bn)n∈N ⊆ B be a ‖ · ‖∞-Cauchy. Therefore,
there is a sequence (an)n∈N such that Tan = bn for each n ∈ N. Therefore, if 0 < r =
infy∈ΩB |X(y)|, we get
‖ân − âm‖∞ = sup
y∈ΩB
|ân(t(y))− âm(t(y))| ≤ r−1 sup
y∈ΩB
|X(y)ân(t(y))−X(y)âm(t(y))|
≤ r−1‖b̂n − b̂m‖∞.
Therefore, there is some a ∈ C0(ΩA) such that an → a and Ta = b. The uniqueness is a
direct result of density of A in C0(ΩA). 
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4 Characterization of bijective separating maps
In this section, first we recall a family of commutative algebras from [29], BSE-algebras.
These algebras are a generalization of Fourier-Stieltjes algebras on amenable locally com-
pact groups. Moreover, we introduce some examples of BSE-algebras. Subsequently, we
study separating maps on regular Tauberian BSE-algebras satisfying condition (M).
Recall that a multiplier T : A → A is a bounded linear operator which satisfies
a(Tb) = (Ta)b for every a, b ∈ A. M(A) denotes the commutative Banach algebra
consisting of all multipliers on A. Moreover, for each T ∈ M(A), there is a bounded
continuous function φ : ΩA → C such that T̂ a(x) = φ(x)â(x) for all a ∈ A and x ∈ ΩA,
[22, Proposition 2.2.16].
Definition 4.1 For a commutative Banach algebra B, a function ϕ on ΩB is said to satisfy
the BSE-condition if there is C > 0 such that for every finite set {y1, · · · , yn} ⊂ ΩB and
{α1, · · · , αn} ⊂ C, we get ∣∣∣ n∑
i=1
αiϕ(yi)
∣∣∣ ≤ C∥∥∥ n∑
i=1
αiyi
∥∥∥
B∗
.
An algebra B is called a BSE-algebra if the set of continuous functions on ΩB which satisfy
the BSE-condition equals to M(B).
In [24], some conditions on semisimple commutative Banach algebras were studied
which make a Banach algebra a BSE-algebra.
Example 4.2 Let G be a locally compact amenable group. Then the Fourier algebra
of G, A2(G), is a BSE-algebra. The proof is based on [12, Corollary 2.24]. Hence, for
amenable group G, A2(G) is a regular Tauberian BSE-algebra which has a 1-bounded ap-
proximate identity. Moreover, some ideals of A2(G) with bounded approximate identities
are BSE-algebras, [24]. The disk algebra and Hardy algebras are also BSE-algebras, [29].
Proposition 4.3 Let G be a compact group. Then ZL1(G) is a regular Tauberian BSE-
algebra satisfying condition (M) which has a 1-bounded approximate identity.
Proof. In [24], it is shown that for every compact commutative hypergroup H whose dual,
Ĥ, is another hypergroup, the hypergroup algebra, L1(H), is a BSE-algebra. Let G be a
compact group. Then the set of all conjugacy classes of G, denoted by Conj(G), forms a
compact commutative hypergroup whose dual is the hypergroup Ĝ, [8], since ZL1(G) is
isometrically isomorphic to L1(Conj(G)). Therefore, ZL1(G) is a BSE-algebra. And by
Lemma 2.17, the proof is complete. 
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Theorem 4.4 Let A and B be two Tauberian BSE-algebras satisfying condition (M)
which have 1-bounded approximate identities. Then the linear mapping T : A → B is
a bijective separating map if and only if T = T2 ◦ T1 where T1 : A → B is an algebra
isomorphism and T2 ∈M(B).
Proof. First suppose that T is a bijective separating map. By the results in Sec-
tion 3, T̂ (a)(y) = X(y)â(t(y)). We claim that X ∈ M(B). Let α1, · · · , αn be con-
stants in C and y1, · · · , yn be elements of ΩB such that ‖
∑n
i=1 αiyi‖B∗ ≤ 1. Consider
K := {t(y1), · · · , t(yn)} as a compact set in ΩA and  > 0 arbitrary. Since A has a
1-bounded approximate identity, by Lemma 1.1, for each  > 0, there is some uK ∈ A
such that uK |K ≡ 1 and ‖uK‖A < (1 + ). If we denote TuK by b, we can write∣∣∣∣ n∑
i=1
αiX(yi)
∣∣∣∣ = ∣∣∣∣ n∑
i=1
αiX(γi) · ûK(t(yi))
∣∣∣∣ = ∣∣∣∣ n∑
i=1
αib̂(yi)
∣∣∣∣
≤ ‖b‖B‖
n∑
i=1
αiyi‖B∗ ≤ ‖TuK‖B ≤ ‖T‖(1 + ).
Therefore,
∣∣∣∣∑ni=1 αiX(yi)∣∣∣∣ ≤ ‖T‖. Hence, X ∈M(B) for the BSE-algebra B.
Now, we will prove that the mapping a→ b where b̂ = â ◦ t for all a ∈ A is an algebra
isomorphism. Let y ∈ ΩB and by ∈ B such that by(y) = 1. According to Proposition 3.7,
S := T−1 is a bijective separating map, so Ŝb(x) = Y (x)̂b(s(x)) for all b ∈ B and x ∈ ΩA
when Y : ΩA → C is a continuous map defined similar to X and the support map s of S
which is the inverse of t, the support map of T . Now we have
1 = b̂y(y) = T̂ Sby(y) = X(y) · Ŝby(t(y)) = X(y)Y (t(y))̂by(s(t(y))) = X(y)Y (t(y))
which shows that X(y)Y (t(y)) = 1 for each y ∈ ΩB.
By the first part of the proof, Y ∈M(A) and Y · (̂b ◦ s) = Ŝb ∈ Â. Since A is an ideal
in M(A), Y · Y · (̂b ◦ s) ∈ Â. Now we can consider
T (Y · Y · (̂b ◦ s))(y) = X(y) · Y (t(y)) · Y (t(y)) · b̂(s(t(y))) = Y (t(y)) · b̂(y)
for an arbitrary b ∈ B and y ∈ ΩB. This implies that (Y ◦ t) · b̂ is a function in B̂ for all
b ∈ B. Since B is a BSE-algebra, Y ◦ t is a function in M(B). Eventually, since B is an
ideal in M(B) and X · (â ◦ t) ∈ B for all a ∈ A, (Y ◦ t) ·X · (â ◦ t) = â ◦ t belongs to B.
Let us define T1 : A → B where T1a = b for b ∈ B such that b̂ = â ◦ t for each a ∈ A
and T2 : B → B where Tb = X · b for each b ∈ B. We claim that T1 is an injective
algebra homomorphism. Let us suppose that T1 is not onto, so there exists b ∈ B such
that T1a 6= b for each a ∈ A. Since T2 is defined on ΩB, we can write Ta = T2(T1a) 6= T2b
for all a ∈ A which is impossible.
The converse is trivial. 
The bijective separating map T in Theorem 4.4 is called a weighted isomorphism, see
[4, Section 3.1].
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Corollary 4.5 Let A and B be two Tauberian BSE-algebras satisfying condition (M)
which have 1-bounded approximate identities. Then the existence of a bijective separating
map T : A → B implies that A and B are algebraically isomorphic.
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A Appendix: Algebraic characterization of locally
compact groups
In this appendix, we briefly study a specific class of regular Tauberian algebras whose
maximal ideal spaces are locally compact groups. The existence of a bijective separating
map between this type of Tauberian algebras leads to a group isomorphism between
maximal ideal spaces. In the following we first define this family of algebras and then we
observe some examples of them, and eventually, we study the bijective separating maps
between them. Let A(G) be a commutative algebra whose maximal ideal space equipped
with the Gelfand topology is homeomophic with the locally compact group G. Therefore,
the elements of A(G) can be considered as continuous functions on G and their algebraic
action can be interpreted as pointwise multiplication on G. For each f ∈ A(G) let f̂
denote the Gelfand transform of f .
Definition A.1 For a locally compact group G, we call a (semisimple) regular Tauberian
algebra A(G), a convolution function algebra over the group G if
(i) the maximal ideal space of A(G) is the locally compact group G,
(ii) for all f, g ∈ A(G), there is some h ∈ A(G) such that ĥ = f̂ ∗ ĝ where ∗ denotes
the convolution of group algebra G, L1(G),
(iii) for all f ∈ A(G) and x ∈ G, there exists some h ∈ A(G) such that ĥ = Lxf̂ where
Lxĝ(y) := ĝ(x
−1y) for all x, y ∈ G and g ∈ Cc(G).
In this section, we denote f̂ by f and f ∗ g denotes h ∈ A(G) where ĥ = f̂ ∗ ĝ for all
f, g ∈ A(G)c for a convolution function algebra A(G).
Example A.2 Let G be a locally compact group. Then LC0(G) := C0(G) ∩ L1(G) is a
convolution function algebra over the group G. Clearly, σ(LC0(G)) = G as an abstract
Segal algebra of C0(G) meanwhile it is a Segal algebra on G as well. Therefore, LC0(G)
is a convolution function algebra on G.
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Example A.3 A12(G) equipped with pointwise multiplication is a convolution function
algebra on every locally compact group G. Note that A12(G) represents two Banach
algebras, one with pointwise product and one with group algebra convolution which is
called Lebesgue Fourier algebra. Moreover, A12(G) forms a Segal algebra of G as well as
an abstract Segal algebra of A(G), [18, Proposition 2.2].
For convolution function algebras, the results of Section 3 can be promoted under a
specified condition, (P ), that is defined as follows.
Definition A.4 Let A(G1) and A(G2) be two convolution function algebras over locally
compact groups G1, G2, respectively. A linear operator T : A(G1) → A(G2) satisfies
condition (P ) if for all f, g ∈ A(G1) and y ∈ G2 such that T (f ∗ g)(y) = 0, we have
Tf ∗ Tg(y) = 0.
The following theorem is the main result that we may prove using condition (P ).
Theorem A.5 Let A(G1) and A(G2) be two convolution function algebras over locally
compact groups G1, G2 satisfying condition (M). If T is a bijective separating map from
A(G1) onto A(G2) such that satisfies condition (P ), its support map, t, is a topologi-
cal group isomorphism from G2 onto G1, i.e. it is a topological homeomorphism that
meanwhile acts as a group isomorphism.
The proof is a direct result of the following lemma and Proposition 3.7. The proof of
the following lemma, also, is exactly similar to the proof of [15, Lemma 2], so we omit the
proof here.
Lemma A.6 Let A(G1) and A(G2) be two convolution function algebras on locally com-
pact groups G1, G2, respectively. Suppose that T : A(G1) → A(G2) is a map such that
Tf = X · f ◦ t for each f ∈ A(G1) where X is a non vanishing scalar valued continuous
function on G2 and t is a homeomorphism map from G2 onto G1. If T satisfies condition
(P ), then t is a group homomorphism.
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